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Abstract—The initiation and evolution of damage and elasto-plastic deformation in composite
laminae is studied using an overall approach. In this approach, one damage tensor is used to describe
damage in composite materials including the initiation, growth, and coalescence of voids and cracks
in the matrix, fiber fracture, and debonding. The mathematical formulation is derived using vectors
and matrices to keep the mathematics accessible to many readers who may not be familiar with
tensor analysis. The model is applied to a thin fiber-reinforced unidirectional composite lamina
subjected to uniaxial tension. This problem is selected in order to demonstrate how the model can
be used without resorting to the finite element method. A governing system of nine simultaneous
ordinary differential equations is established for this problem based on the overall approach to
damage in composite materials. The system is solved numerically and the results are discussed.

INTRODUCTION

The analysis and modeling of damage mechanisms in composite materials are now the
subjects of extensive research. However, most of the available material is limited in scope
where no distinct correlation can be made among the various methods. In particular, there
is no consistent and systematic approach to model damage in composite materials.

Most of the available damage models fall into two major categories. The first category
includes all models using a continuum approach (Talreja, 1985, 1986 ; Christensen, 1990
Arnold and Kruch, 1991). The second category consists of all other models that use some
sort of micromechanical characterization (Dvorak and Bahei-El-Din, 1979, 1982, 1987).
Allen and Harris (1987) and Allen ez al. (1987) analysed distributed damage in elastic
composites with thermal effects. However, they did not consider the plasticity of the matrix
material. Other works are also available (Dvorak er al., 1985; Dvorak and Laws, 1987 ;
Laws and Dvorak, 1987 ; Allen et al., 1988 ; Boyd et al.. 1993) that deal with this problem
either partially or inconclusively. The recent work of Voyiadjis and Kattan (1993b) attempts
to present a consistent formulation of a damage theory for fiber-reinforced composite
materials.

Kachanov (1958) proposed a damage theory for continuous media that started what
is now known as damage mechanics. After Kachanov’s pioneering work, Chaboche (1988a,
1988b), Lemaitre (1984, 1986), Sidoroff (1981), Lee er al. (1985), and Murakami (1988)
applied the theory to various types of damage mechanisms. Recently, Lemaitre (1985),
Kattan and Voyiadjis (1990, 1993a), and Voyiadjis and Kattan (1990) extended the theory
to the coupling of damage and plastic deformation. The application of damage mechanics
to composite materials is also being investigated ; Kattan and Voyiadjis (1993b) applied it to
the analysis of elastic damage in uniaxially loaded unidirectional fiber-reinforced composite
laminae.

In this study, the recent work of Kattan and Voyiadjis (1993c) is applied to the problem
of damage initiation and growth in a uniaxially loaded unidirectional fiber-reinforced
composite lamina. Damage is modeled according to the overall approach in which one
damage matrix is used to describe the various damage mechanisms in the composite system.
A governing system of nine simultaneous ordinary differential equations is established for
this problem. The system is solved numerically and the results are discussed. The for-
mulation of the model is cast using vectors and matrices without the use of tensor analysis.
This problem is selected because it can be solved numerically without the use of the finite
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element method. A subsequent paper will demonstrate the implementation of the model
using finite elements.

THEORETICAL FORMULATION

An overall approach to the characterization of damage in elasto-plastic fiber-reinforced
metal matrix composites (Kattan and Voyiadjis, 1993c) is formulated using simple math-
ematical techniques. The model is cast in a simple form without use of tensors or advanced
mathematics. In the formulation, the brackets [ ] are used to denote 3 x 3 matrices, while
the braces { } are used to denote 3 x 1 vectors. The superscript T indicates the transpose
of a vector or matrix. The formulation is general, except that the only restriction is the
formula for the derivative of the damage effect matrix [M] which is valid only for problems
involving principal damage variables (¢.g. uniaxial tension). The composite system consists
of an elastoplastic matrix reinforced by continuous, perfectly aligned cylindrical fibers.

Let {¢™} and {4} be the matrix and fiber effective stress vectors, respectively. In the
formulation given here, {¢™} and {¢'} take the form

(6™ = [arerar]T (1a)

6"} =[eleial]™. (1b)

(6} =1[6,6,6,]". (lo)

The elastic stress concentration matrices [B™] and [B'] for the matrix and fibers are
defined as follows:

i =[B"\e} (22)

o'} = (B0}, (2b)

where [B™] and [B'] are 3 x 3 constant matrices. For the case of plastic loading or elastic
unloading, eqn (2a) is rewritten in incremental form as follows :

da™) = [B™]{do}, (20)

where [B™)] is a 3 x 3 elasto-plastic stress concentration matrix for the matrix material.
Several models are available in the literature for the determination of the three matrices
[B™, [B"] and [B™] (Dvorak and Bahei-El-Din, 1979, 1982, 1987).

Let {f} and {#™} be the overall and matrix deviatoric vectors, respectively. Then they
are related to the total overall and matrix vectors {6} and {¢™} as follows:

1) = ldllo) (3a)
) = lal{e). (30)

where the constant 3 x 3 matrix [q] is given by
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1 2 -1 =1
[a]:i-l 2 =1 (3c)
-1 =1 2

The matrix [a] is idempotent, i.e. [¢]" = [a], where n is a positive integer. In particular, the
relation [a]? = [a] [a] = [a] will be used in the present formulation.

Effective stresses and the vield function
The relations governing the overall and matrix backstress vectors are assumed identical
to those of the corresponding stress vectors. They are listed here as follows:

B = (BMB, (42)
{dB™} = [B™]{dB!. (4b)
The deviatoric backstress vectors are also given by :

12} = [al{B] (4c)

=

:im} — [a]{

™ (4d)

Substituting eqn (2a) into (3b). one obtains the following expression for the matrix
deviatoric effective stress vector :

" = lal[B™]{s}. (5a)

Similarly, substituting eqn (4d) into (4a), one obtains the following expression for the
matrix deviatoric effective backstress vector:

(2"} = [al[B™]{B}. (5b)

The effective yield function f™ for the matrix material is given here as a von Mises
type with kinematic hardening

= 3¢ _ _ _ _ —m-
./m — :'{Tm—me}T{Tm_am} _0.81

0, (6)

where 65" is the yield strength of the matrix material. Substituting eqns (5a,b) into (6) and
simplifying, one obtains the following expression for the effective yield function f for the
overall composite system :

F= e =B} B™) (B}~ B} — a7

I
e

(7

Using the yield function expressions in eqns (6) and (7) and simplifying, one obtains the
following formulae for the yield function derivative vectors {¢f™/06™} and {éf]oe} :

{f/ } = 3a){o™ ") (8a)
(

{;} = 3(B™)"[[B") {5 - f}. (8)
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In fact, one can show [using only eqn (2a)] that the two derivative vectors given above are
related by the following relation which is independent of the yield function:

f _ ofm
(e ©

Effective strains and the flow rule
One now introduces the effective strain vectors {#™} and {¢'} for the matrix and fibers,
respectively, as follows:

ev) = [ererer]” (10a)
gl = [Eea]’ (10b)
Similarly, the effective strain vector {£} for the overall composite is given by :

g = [86,8]". (10¢)

The elastic constant strain concentration matrices [4™] and {4'] for the matrix and
fibers, respectively, are defined by

= (A (11a)
V= [, (11b)
where the prime " indicates elastic strains. For the case of plastic loading or elastic unloading,

the elasto-plastic strain concentration matrix [4™] is defined by the following incremental
relation :

(den )" = (A7) (de)” (110)
where the double prime “ indicates plastic strains. It is noticed that in eqn (11b), the total
effective fiber strain vector {£'} is used because the fibers undergo only elastic deformation.
The elastic and plastic parts of the effective strain vectors are given by the additive decompo-
sition

ide} = {d&}"+ {de}” (12a)

{de™} = {d&™} + {de™}". (12b)

An effective associated flow rule is used for the “‘undamaged” matrix material as
follows :

(de) = d{ff—} (13)

‘g™

where dz™ is a scalar multiplier. Substituting eqns (11c) and (9) into (13) and simplifying,
one obtains:

-~

)
J

'de)” = [d4] { } (14)

-~

where the multiplier matrix [d/] is given by :
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[d7] = dim[d™) '[B"] T (15)

Equation (14) clearly indicates a non-associated flow rule due to the presence of the 3 x 3
matrix [d].

In the formulation, the “undamaged” matrix material undergoes kinematic hardening
of the Prager—Ziegler type. This is represented by the evolution equation for the effective

<5 m)

matrix backstress vector {2™] as follows:
:d&m} :d[m{fm*im:. (16)

where da™ is a scalar muitiplier. In order to obtain a relation between the two scalar
multipliers dz™ and d4™, one equates the projection of the effective matrix incremental
backstress vector on the yield surface /™ to b{de™}":

a7

where b 1s a constant material parameter determined from experiments. Post-multiplying
eqn (17) by {9f™/éé™} . simplifying and using eqn (8a). one obtains the desired relation
as follows :

da™ = 3bds". (18)

It is noted that eqn (18) is valid only for the von Mises yield function f™ since it is
used in the derivation. Next, one obtains an expression for the scalar multiplier dA™ using
the consistency condition df ™ = 0 as follows :

(‘\f'm T (‘Efm [
{ : m]( ide™) + {} da™ =0, (19)
Effective constitutive relation
Using the elastic relation ([E™] is the effective elasticity matrix for the matrix material)
fde™) = [E™]{dem} (20a)

and substituting for {d&™}" from eqn (12b), and for [d&™}” from eqn (13), one obtains:

[dd-'mt — [Eln] ({d(_—:m; *d/:.m {(__f_}) {20b)

S =m

co

Substituting eqns (16). (18) and (20b) into (19) and simplifying, one obtains the
following expression for d/™:

- 1 (’:f"m T _
dim = - L E e, (21a)
Qm (’Xﬁm

where the scalar quantity QO ™ is given by
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O™ =9{t" — g™ ([E™)+b[I)){z™ —a™}. (21b)
The expression of Q™ given in eqn (21b) is valid only when using the von Mises yield

function /™. Next. one derives the effective matrix elasto-plastic stiffness matrix {D ™]. This
is performed by substituting eqn (21a) into (20b) and simplifying. Therefore, one obtains

(de™! = [D"]{de™}. (22a)
where [D™] is given by

(ﬁi‘ m

A~m

(D7) = "]~ = [E"] {

}{a—ﬁ} "B (g™, (22b)
0
The above equation can be used with any yield function f™, except when using the specific
expression of 0™ given in eqn (21b).

Next, one derives an expression for the evolution of the effective overall backstress
vector {8} based on eqn (16). Subtracting eqn (4a) from eqn (2a) and rewriting the resulting
equation in incremental form, one obtains :

{de™ —dp”} = [B™]{d6—dB]}. (23)
Upon plastic loading, one substitutes eqn (2c) into (23) and solves for {df} to obtain:
(dp) = (11 —[B"] '[B™){de} —[B™)""{dB}™. (24)

To find an expression for {d™} based on the Prager-Ziegler evolution law of eqn (16),
one substitutes eqns (3b) and (4d) into (16) and simplifies. The resulting equation is:

dp") = da" (B0 ). 25)

Finally, substituting eqn (25) into (24). one obtains the following evolution law for the
effective overall backstress vector {f! :

4B} = (1]~ [B") ‘[B™]){de} —da™ {6 —B}. (26)

It is clear from eqn (26) that kinematic hardening of the composite material consists
of two types. The first type is due to the kinematic hardening of the matrix material and is
represented by the second term on the right-hand-side of eqn (26). The second type is
represented by the first term on the right-hand-side of eqn (26) and is due to the interaction
of the matrix and fibers. Therefore, the composite material will still undergo kinematic
hardening (of the second type) even if the matrix material does not.

Equation (20a) introduced the effective elastic constitutive relation for the matrix.
Similarly, one can introduce an effective elastic constitutive relation for the fibers in the
form

fde" = [Ef){ds"), (27)
where [E] is the effective elasticity matrix for the fiber material and {d¢} " consists entirely
of elastic strain. The effective overall elastic constitutive relation can now be written in the
form

1da) = [E]{de} ", (28)

where [£] is the effective overall elasticity matrix. The matrix [£] is obtained from the
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matrices [£™] and [E] as is shown shortly. Introducing the following relation between the
effective overall and local stresses (Dvorak and Bahei-EI-Din, 1979, 1982, 1987)

dé) = ¢™{da™) +¢'{dé'), (29)

where ™ and ¢' are the matrix and fiber volume fractions, respectively (¢™+¢' = 1), one
substitutes egns (20a), (27) and (28) into (29) and simplifies to obtain :

[E] = c™[EP)[A"]+c'[£7][4"]. (30)
In order to derive the effective overall elasto-plastic constitutive relation, one needs

first to find an expression for the multiplier matrix [di] of eqn (14) in terms of effective
overall quantities. Therefore, one first invokes the consistency condition df = 0.

T o7 "
{;G} {d5}+{;vﬁ} (B! = 0. (31)

Substituting for {dB} from eqn (26). for {dé| from eqn (28). for {dz} from eqn (12a), for
{dz}” from eqn (14). and for [dZ] from eqn (15), one obtains after simplifying and solving
for dA™:

d/™ = {T)'[E]d&). (32)
where the 3 x | vector [T} is given by :

{(ﬂ ] 3 M Ll Ampyy T _(:Z
AR URCRR AR
- - (—«

¢

~<

(T} = ——

5

5; T C 1" 3 m 1._ 7 mp al ”_mr‘ Trpgmy-T [ »
{5;} +{5B} (1118 (B DA™ 187 7

~

(33)

One now starts with eqn (28) and substitutes for {dz}’ from eqn (12a), for {dé}" from
eqn (14), for [d2] from egn (15) and for d2™ from eqn (32) to obtain:

'dg) = [D]ids. (34a)

Shre (34b)

Equation (34a) represents the effective elasto-plastic constitutive relation for the overall
composite material.

Stresses in the damaged composite system

The second step of the formulation involves the incorporation of damage in the
constitutive equations. This is performed by using the effective overall constitutive relation
given in eqn (34a) and transforming it into a constitituve equation for the whole composite
system. Therefore, all the quantities appearing in equations (34a,b) need to be transformed
using the damage variable.

One first starts by using the linear transformation [M] between the effective stress
vector {d} and the stress vector {o! as follows:
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6 = [M]la}, (35)

where [M] is a 3 x 3 matrix of the damage variables ¢, ¢, and ¢; The matrix [M] is
represented in principal form as follows:

M= | 0O - 0 (36)

0 0

1—¢,

and the stress vector {o} = [0, 0, 63] .

It is clear from eqn (36) that the matrix [M] reduces to the identify matrix [/] when
there is no damage in the material, i.e. when ¢, = ¢, = ¢; = 0. On the other hand, the
components of the matrix [M] become very large when the material approaches complete
rupture, i.e. when the values of ¢,, ¢, and ¢, approach 1. Actually, the values of ¢, ¢, and
¢ do not need to approach 1 separately for rupture to occur. A representative scalar
parameter (e.g. ¢, = /@7 +@3+¢3) could be defined to characterize rupture. In the
following formulation, the derivative matrix d[M] is needed and is calculated using the
chain rule as follows:

‘M cM oM
o = | v 101+ g oo+ 55 oo )

Substituting eqn (36) into (37) and simplifying, one obtains

dd 1

o 0

‘(1"(171)‘

| dp.
d[M] = | 0 : 0 . 38
M= (1=¢2)° oY

|, do,

I (1-¢:)" |

Taking the derivative of eqn (35) and utilizing eqns (36) and (38) and simplifying, one
obtains:

T
I—¢, (1—¢,)
do L deb,
doy = 4 97, 2200 | (39)
I =9, (1—¢2)°
don o 2adds
I—o: (1‘4)3);)

Using eqn (38), one can obtain the following expression for d[M]* {¢} which is used

extensively in the derivatives that follow:

d[M]- o} = [C7]1do].

where the matrix [C“] is given by :

(40a)
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[ ]
AR 0
(1-9¢))°
0.1
) = 0 S (40b)
[ ] (I —¢2)°
0 B
I (1—053)24

and the damage vector {d¢} = [d¢, d¢p, d¢.]". Similarly, one can derive the following
equation for d[M]- {8} :

d[M]- B} = [C"]{do]. (41a)

where the matrix [C”] is given by :

A 0 0
(1—¢)°
B
'] = 0 0 : 41b
< (1-¢2)° )
| (1“(1)3)'_

The expressions in eqs (40a) and (41a) are used extensively in the derivations below.
However, the reader must keep in mind that these expressions are valid only when using
principal values and the representation of [M] given in eqn (36). In fact, these expressions
cannot be easily generalized.

Substituting eqn (35) in (3a) and simplifying. one obtains the following relation for
the effective overall deviatoric stress {7}

it} = [N{a). (42a)
where the 3 x 3 matrix [N] is given by

[N] = [4)[M] (42b)
and [a] is the 3 x 3 constant matrix given in eqn (3c). The effective overall backstress vector

{B} is assumed to transform in a similar way to {g}. Therefore, the following damage
transformation equation is used [see eqn (35)]:

1B} = M1{B}. (43a)

Substituting eqn (43a) into (4c) and simplifying, one obtains the following equation which
is analogous to eqn (42a)

= [NI{B;. (43b)

Equations (42a) and (43b) represent the damage transformation equations for the
effective overall stress and backstress vectors, respectively. They are used in the trans-
formation of the yield function, the flow rule, the kinematic hardening rule and the consti-
tutive relations. Starting with the effective yield function f given in eqn (7) and substituting
for {6} from eqn (35) and for {f#} from eqn (43a) and simplifying, one obtains
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f=3lo—p "[H]lo—p} -6y =0. (44a)
where the 3 x 3 matrix [H] is given by
(H] = [M]'[B™]"[a][B™][M]. (44b)

Equation (44a) represents the yield function for the damaged composite system. The
partial derivative {éf (o} is now readily obtained from eqn (44a) as follows:

YL S e g1 (45)
| (TS

Using eqn (35). one can show. using the chain rule, that the following relation exists
between the partial derivatives [(f 76! and {¢fica! :

. o] f} (46)

The above relation is independent of the yield function.

Damage evolution

Several criteria are available in the literature for the description of damage evolution.
The one chosen here is that proposed by Lee ¢r «l. (1985) for its simplicity and ease of
integration in the proposed model. However, it should be emphasized that the model is so
general that any viable damage criterion can be used.

Let g be the damage function given by Lee er al. (1985)

g=16"[J]\6) L) =0, (47a)

where /is a scalar “overall” damage variable. and [J] is a constant 3 x 3 matrix given by

T
U=l | n (47b)
‘U( w1

and g is a constant damage parameter. —0.5 < p < 1.0. The matrix representation of [J]
given in equation (47b) applies only for the problem considered here. A more general
representation can be found in the recent work of Lee er al. (1985). Substituting eqn (35)
into (47a) and simplifying, one obtains:

g=:16)"[M]"[N)M]lo,—&;— L) = 0. (48a)

Using equation (48a). one can readily determine the following partial derivatives of g :

g
oL 1 (48b)
{ﬁ} — M) WIIM] g}, (48¢)

In order to determine the evolution equation for the damage vector {¢}, one starts
with the power of dissipation IT given by
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M= g} "{de)"+ (o) "idp} —Ldl (49)

The problem of damage evolution now reduces to the problem of extremization of I subject

to the constraints f = 0 and g = 0. One. therefore. introduces the objective function y given
by

Y =M~ds /—ds.g. (50)

where d4, and d/, are scalar Lagrange multipliers. Using the conditions {y/do} = {0} and
oYL = 0 and simplifying. one obtains

(do! = d;c{‘;‘” (51a)
(‘(7[
. (g
= d 7 1
d/ d/‘PL (51b)

Substitution of eqn (48b) into (51b) results in dz. = d/. Substituting this result into
eqn (51a), one obtains

dg) = dd 9L

- (52)
[Co)

In order to obtain the scalar damage multiplier d/. one needs to apply the consistency
condition dg = 0.

~ T AT ~
{} fda?+{;;l( {d</>}+(;//dl:0. (53)

Substituting for {d¢;| from eqn (52). using g/ = (Cg:¢L) (dL/dl) = —dL/d/, and solving
for d/, one obtains:

1 ~ [
i = - J‘;"} (dal. (54a)
cao
where the scalar quantity r is given by :

, 9L fi?}T { 9l (54b)

Finally, substituting eqn (54a) into (52), one obtains the required evolution equation
for the damage vector {¢] :

/] o] T (AN
do] :( {Z“’} 5‘;"}){da:- (55)
r|co {(‘6

Equation (55) can be rewritten simply as {d¢} = r*!da}, where r* is the scalar quantity
shown in parentheses in eqn (55). It should be noted that eqn (55) represents a set of three
simultaneous ordinary differential equations in the variables ¢,, ¢, and ¢;. This set of
differential equations will be used later in the numerical solution of the problem.
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Elastic constitutive relation in the damaged composite system

The next step is the derivation of the elastic constitutive relation. This is accomplished
by first obtaining the damage transformation equation for the elastic strain rate vector
{de}’. Starting with the effective elastic energy U given by

L Tigy (56)
R (57)

= (M) e} (58)

Using the method used in the derivation of eqns (40a) and (41a), one can show that:
d[M] T{e} = [C"){do}, (59a)

where [C*] is obtained from eqn (40b) by replacing ¢ with ¢'. Taking the derivative of

eqn (58) and substituting eqn (59a) in the resulting expression, one obtains the damage
transformation eqn for {d¢}":

1de)” = [M] T{e}) +[C1{dg}. (59b)

In order to find a relation between |dé} and {da}, one takes the derivative of eqn (35)
and substitutes eqns (40a) and (55) into the resulting expression. After simplification, one
obtains:

\da) = [M*]{do}, (60a)

where the 3 x 3 matrix [M*] is given by

*1 — 1 4 _a_g ' _a_g
(M*] = [M]+ r[C ]({ao} {@a}) (60b)

Finally, substituting eqns (55), (59b) and (60a) into the effective elastic constitutive
relation given in eqn (28) and simplifying, one obtains the elastic constitutive relation for
the damaged composite system as follows :

‘de} = [E]!de)". (61a)

where the 3 x 3 damage-elasticity matrix is given by

1/ (a)7 (& _ N\
[E) = ([M*]— : ( <}‘;"} {?’})[E][C&]) (E)iM] . (61b)

r
3N

Elasto-plastic constitutive relation in the damaged composite system

The kinematic hardening rule given in eqn (26) can now be transformed to the damaged
composite system. Substituting eqns (35) and (43a) into eqn (26), simplifying and solving
for {df}, one obtains:
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(B} = (M) (M) (BT (B NIM]{do)
—(([M] " =[M] '[B] [B™DIAM]+da” (1) o}
—((M] '[dM]—dg" B, (62)

The additive decomposition of the strain rate tensor is taken in the form
de} = {de} "+ {de}”. (63)

It can be shown that the above decomposition is compatible with the decomposition in eqn
(12a).
The flow rule for the damaged composite system is taken in the form

(e} = [dA] {"} (64)
[&¢)

The above equation clearly provides for a non-associated flow rule. This is in agreement
with the recent results of Stolz (1986) where it was shown that an associated flow rule may
not be derivable for damaged materials. The multiplier matrix [d4] is determined from the
consistency condition df = 0 as follows:

sl of
{20—} do} +{C~ﬂ} dpy = 0. (65)

Substituting for {df} from eqn (62). for {do} from eqn (61a), for {de}’ from eqn (63), for
{de}" from eqn (64), for {d¢} from eqn (55). and using eqns (40a) and (41a), and simpli-
fying, one obtains:

~NT
o) =dﬂm5"~’} o B, (662)

where the 3 x 1 vector {;] is given by:

{y}—{w} MIT({1] - [B™) '[B™) (M]- {(g}

T[ 2 m L Bmp]\ T T T i{
({ }10}) [CT (U= [B™) " [B™) T +[CH)M] {aﬁ}. (66b)

The solution of eqn (66a) for da™ vields:
i Tide)
(fies

Substituting eqn (67) into (18). solving for d.™ and substituting the result into eqn
(15), one obtains the following expression for the multiplier matrix [dA] :

da™ = (67)
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ﬁ!ﬁrlghﬂﬁ[ﬁpw] "(B™ T— ,;*{7y}'T[E]'{d8},’
- A

- PN gy o)
QETR sl to—,

op

Equating the plastic energy of dissipation (1,2) {5} "{de}” in the damaged configuration

with the plastic energy of dissipation (1:2) {4} "{d&}" in the effective configuration, and
using eqn (35), one obtains:

(dat = [M]" " de)” (69)

Equation (69) is the damage transtormation equation for the plastic strain rate vector.
Finally, in order to derive the elasto-plastic constitutive relation for the damaged composite
system, one substitutes eqns (60a). (12a). (59b). (69). (55), (61a) (for {de}’) into (34a) and
simplifies to obtain:

(da} = [D]!de}, (70a)

where the damage-elasto-plastic stiffness matrix is given by :
] [{wg T (Tg 3 B =1 _ T
0= (1915 (g {eg JO) 1M (70b)

Finally. one needs to rewrite eqn (62) in a form suitable for numerical implementation.
In order to rewrite it in the required incremental form, one substitutes eqns (40a) and (41a)
into (62) to obtain

fdpl = [X*]{de) +[Y*]{do}, (71a)

where the 3 x 3 matrices [X*] and [ Y *] are given by :

g(f,} (8] 1A TIEY )
[ = (=[] [B") (BTIMY - (o—BH)"
#{ S o
P
(71b)
(Y] = ~[M] (€T 1B"] ' [BICTI+(CP)). (71¢)

It is noticed that eqn (71a) represents a set of three simultaneous differential equations in
Bi. B: and B;. This set will be used in the next section for the numerical solution of the
problem.
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Fig. I. Unidirectional thin lamina under uniaxial tenston.

NUMERICAL IMPLEMENTATION

Consider a unidirectional fiber-reinforced thin composite lamina that is subjected to a
uniaxial tensile force 7 along the x,-direction as shown in Fig. 1. The matrix is assumed to
be elasto-plastic and the fibers elastic and cylindrical in shape. The fibers are also assumed
to be continuous, perfectly aligned and symmetrically distributed along the x,-axis. For
this problem, the stress vector {a} is given by

{ol =[c00]". (72)

where o is the uniaxial stress obtained by dividing T by the cross-sectional area of the
lamina. Substituting {o] into eqn (70a), one writes the constitutive equation for this
problem as follows:

\dzrl( D, D, D, l\dﬂ\
des =|Dsy Dy Da| 0L (73)
J\df:w D., D, DHJ (O‘

where do is the increment of uniaxial stress. Since we have only one independent component,
o, in the stress vector, a system of simultaneous ordinary differential equations can be
written for this problem with ¢ as the independent variable. In this way, this problem can
be solved numerically using a suitable differential equation solver without the use of finite
elements. Let the matrix [S] denote the inverse of [D], and rewrite egn (73) as follows:

\df;lf gS,l‘
desy = ’K531 rdo. 74)
'dﬁ: I.S}]

Equation (74) represents the first set of the governing system of differential equations for
this problem. It should be mentioned that the expressions of S;,, S5, and S;, are obtained
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by numerically inverting the elasto-plastic matrix [D]. The matrix [D] is obtained using eqn
(70b) with the condition that the stress vector is given by eqn (72).

The second set of differential equations is obtained for the evolution of the backstress
vector {8} given by eqn (71a). However, eqn (71a) must be rewritten in the required format
to be used in the system of differential equations. In other words, the right-hand-side should
be a function of the independent variable do. Therefore, the second term of the right-hand-
side of eqn (71a) will be rewritten in terms of the vector {da}. Substituting for {d¢} from
eqn (55) into (71a) and simplifying. one obtains

Wy = [Z*]1da]. (75a)
where the matrix [Z*] 1s given by
1 I PR A
[2%] = [x*]+ (J-‘,—*‘i’«» @})[Y*]. (75b)
r {('O’j ca

Substituting eqn (72) into (75a). one rewrites the resulting equation as follows:

gz
dp. j ='7% 1do. (76)
(dps Lz

Equation (76) represents the second set of differential equations required for the solution
of this problem. Finally, the last set of differential equations uses the evolution of the
damage vector {¢} as given by eqn (55). Equation (55) is rewritten in the required format

as follows :
&)
id(j); % r\ (ca) |co ]

|
0 do. (77
0

i

The three sets of equations: (74). (76) and (77) represent the governing system of differential
equations for this problem. Taking the independent variable ¢ as the time ¢, the governing
system of differential equations is given by

de, di = 8§, (78a)
de, dr =S, (78b)
de. dr = S5, (78¢)
dp, di = 7%, (78d)
df- dr = 7% (78¢)
dp. de = 2% (78f)
do, 0= {Z J' {f{‘j } (78¢)
dep, dr =0 (78h)
dep. dr = 0. (781)

Equations (78) form a system of nine simultaneous ordinary differential equations that can
be solved numerically using a Runge-Kutta type method. In the numerical solution, it is
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assumed that the elastic strains are infinitesimal ; therefore, they are neglected. Conse-
quently, the solution scheme starts at the initiation of yielding. This means that the initial
conditions for this problem are zero strains, backstresses, and damage variables. Therefore,
in this problem, damage is initiated at the same time yielding starts; though this may not
be the case in a general problem where the amount of elastic strain may be significant. As
initial conditions to the boundary value problem, all nine dependent variables
(&1, 83, &3, B1. B, B3, @1, 2, 3) are taken to be zero while the initial value of the independent
variable ¢ = g, # 0. The initial value o, is needed for the solution of the differential
equations. It is computed by setting the yield function f of eqn (44a) to be equal to zero. It
should also be pointed out that at the start of plasticity and damage, the backstresses and
damage variables are also zero. Substituting zero for {8} in eqn (44a), one obtains the
following condition at yielding:

Ho}TH]{o} —67 = 0. (79)

where [H] is given by eqn (44b). However, since ¢, = ¢, = ¢, = 0 at yielding, the matrix
[M] becomes the identity matrix [/]. Substituting [/] for [M] in eqn (44b), one obtains:

[H] = [B"]"[a][B"]. (80)

The stress concentration matrix [B™] is obtained using the Voigt and Mori-Tanaka models
as discussed shortly while [4] is the constant matrix given in eqn (3c).
Substituting [¢,00]" for {o} in eqn (79) and solving for a,, one obtains:

-
= =g 81

where H,, is the first term in the matrix [H] of eqn (80), and &;" is the yield strength of the
matrix material. Equation (81) represents the initial condition for the uniaxial stress ¢ to
be used in the solution of the differential equations.

Equations (78) are solved simultaneously using the IMSL routine DIVPRK. This
routine uses a Runge—Kutta—Verner fifth-order and sixth-order method for the solution of
the differential equations. Figure 2 shows a schematic diagram of the numerical compu-
tations. In the determination of the stress and strain concentration matrices, two different
models are used. The first is the Voigt model which is based on the assumption that the
strains in the matrix, fibers and composite are equal. The second model is the Mori-Tanaka
model which uses the Eshelby tensor and the theory of inclusions and inhomogenetties.
The Mori-Tanaka model is more sophisticated than the Voigt model but the latter is
considered here for comparison. Details about the two models can be found in the papers
of Dvorak and Bahei-El-Din (1979, 1982, 1987), Voyiadjis and Kattan (1992, 1993a), and
Mori and Tanaka (1973). Details about the numerical scheme used in calculating the
Eshelby tensor are found in the papers of Gavazzi and Lagoudas (1990), and Lagoudas et
al. (1991).

The lamina consists of matrix and fibers with volume fractions 55 and 45%., respec-
tively. The material properties used are: £™ = 84.1 GPa, ™ = 0.3, £ = 414 GPa, s’ = 0.22,
E,, =200 GPa, E,, = 137 GPa, #,, = 0.27, #,; = 0.31, and G,, = 52.6 GPa. The yield
strength of the matrix material is 51 ksi (0.35 GPa). The damage parameters are u = 0.5
and 0L/¢l = 1.0 x 10" Using eqn (81), one finds that the stress at which yielding occurs is
oo = | GPa for the Voigt model and ¢, = 0.4 GPa for the Mori-Tanaka model. It is noted
that the material yields at a higher yield stress when using the Voigt model because of the
assumption of equal strains in the material thus making it stiffer. In the numerical calcu-
lations, the stress is increased monotonically starting from the yield stress g, in increments
of 1 GPa for a total of 100 increments. The tolerance factor for convergence of the iterative
scheme is taken as 0.005. The results are shown in Figs 3-5.
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(_ start program )

Y
I initialize constants and parameteil

!

compute elastic stiffness matrices
for fiber, matrix and composite

1

[ compute stress at which yielding occurs

1

compute initial stress and strain concentration
factors based on elastic properties

——{loop over the number of stress incrementsj

#

compute damage variables,
matrix and fiber effective stress,
strain and backstress vectors

!

Lcompute effective elastoplastic stiffness matrix ‘

’ compute damage-elastic stiffness matrix '

!

[ compute damage-elastoplastic stiffness matrix J

¢

[ compute additional required parameters J

'

Lsetup and solve the differential equation system “

!

( update concentration factors J

output data

[ increment the stress]

(_ end program )

Fig. 2. Schematic diagram of the numerical computations.

In Fig. 3, the variation of the damage variable ¢, is shown vs. the strain ¢,. It is clear
that the value of ¢, is monotonically increasing for both the Voigt and Mori-Tanaka model
although the rate of increase of damage is higher when the Voigt model is used. This may
be attributed to the use of constant concentration factors when the Voigt model is used. In
the Mori-Tanaka model, the concentration matrices change depending on the stiffness of
the material. The values of ¢, and ¢, are identically zero, therefore, no plots for these
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Fig. 3. Damage variable ¢, vs. strain ¢,.

damage variables are shown. The variations of the backstresses f§; and f8, are shown vs. the
strain ¢, in Figs 4 and 5, respectively. It is noticed that the Voigt model gives higher values
of the backstress f,. However, the backstress §, vanishes when using the Voigt model. This
is again attributed to the simplifying assumptions used for the Voigt model. It is apparent
that the values of y and ¢L/él provide for very small values of the damage variable ¢,. It
should be emphasized that the solution of practical problems in this area requires the use
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Fig. 4. Backstress f8, vs. strain ;.
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Fig. S. Backstress 8, vs. strain ¢,.

of the finite element method which may well be the subject of future research. Therefore,
the authors choose to solve this simple problem of one lamina as an example in order to
demonstrate how the model can be used without resorting to finite elements.

PHYSICAL CHARACTERIZATION AND EXPERIMENTAL DETERMINATION OF
DAMAGE

In this section, a physical interpretation of the damage tensor ¢ is presented for the
case of micro-cracks. Experimental investigations and procedures for the determination of
damage are presented by Voyiadjis and Venson (1995) for the macro- and micro-analysis
of a SiC—titanium aluminide metal matrix composite. Uniaxial tension tests were performed
on laminate specimens of two different layups. Dogbone shaped flat specimens are fab-
ricated from each of the layups. Specimens for the different layups are then loaded to
various load levels ranging from rupture load down to 70% of the rupture load at room
temperature. Through this experimental procedure, damage evolution is experimentally
evaluated through a quantitative micro-analysis technique. The micro-analysis is performed
using scanning electron microscopy on three mutually perpendicular representative cross-
sections of all specimens for the qualitative and quantitative determination of damage.

A new damage tensor proposed by Voyiadjis and Venson (1995) is defined here for a
general state of loading based upon experimental observations of crack densities on three
mutually perpendicular cross-sections of the specimens. The damage tensor, ¢, is defined
as a second-rank tensor represented by the 3 x 3 matrix:

-,
=

™

=T TR~
™
AT
™ T
A=~

)

H

(¢] = (82)

where g, = (/ = x. v, 2) is the normalized crack density on a cross-section whose normal is
along the /-axis. For the uniaxial tension of one lamina, the diagonal form of the above



Damage-plasticity in a composite lamina 575

matrix may be used. The crack density on the representative volume element for the jth
cross-section is calculated as follows :

I &
pl - mp* (83)
pl - 14" -

where /; is the total length of the cracks on the ith cross-section for each constituent, A4, is
the ith cross-sectional area for the representative volume element, m is a normalization
factor chosen so that the values of the damage variable ¢ fall within the expected range
0 < ¢, <1, and p* is as defined below:

pr= ol e el (85)
where p; is the value of /, 4; at the maximum load (rupture). The damage tensor obtained
experimentally from eqn (82) is then used in the constitutive equations to predict the
mechanical behavior of the composite system.

The scanning electron microscope is used in order to quantify the damage tensor ¢
expressed by eqn (82). This is performed at various load levels ranging from rupture load
down to 70% of the rupture load at room temperature. The damage tensor ¢ is determined
experimentally by Voyiadjis and Venson (1995) for two types of laminate layups (0/90),
and (+45),, each consisting of four plies. These layups are examined both numerically and
experimentally (Voyiadjis and Venson, 1995).

These results are then used to calculate the values of the damage variable ¢ based on
eqn (82). In this way, damage-strain curves are generated for each layup orientation.
These damage values can then be used in the constitutive model to accurately predict the
mechanical behavior of metal matrix composites. The final results are presented in a paper
by Voyiadjis and Venson (1995). The reader is referred to this paper for a more complete
discussion on the physical characterization of the damage tensor ¢.

CONCLUSION

The overall approach to damage is investigated for a uniaxially loaded unidirectional
thin lamina. The lamina is made of elastic continuous fibers and an elasto-plastic matrix.
The formulation is presented for a general state of deformation and damage, except when
using the derivative of the damage effect tensor. which is used in terms of its principal
values. The governing differential equations for the damaged system are formulated and
solved numerically using a Runge--Kutta-Verner fifth order and sixth order method. The
results are compared using both the Voigt and Mori-Tanaka models for the calculation of
the concentration factors. It is interesting to note how this problem can be solved numeri-
cally without the use of finite elements. The complete finite element implementation of the
model will be presented in a subsequent paper.

REFERENCES

Allen. D. H. and Harris. C. E. (1987). A thermomechanical constitutive theory for elastic composites with
distributed damage---1. Theoretical formulation. Inr. J. Solids Structures 23, 1301-1318.

Allen, D. H., Harris. C. E. and Groves. S. E. (1987). A thermomechanical constitutive theory for elastic composites
with distributed damage-—II. Application to matrix cracking in laminated composites. Int. J. Solids Structures
23, 1319-1338.

Allen, D. H.. Harris. C. E.. Groves. S. E. and Novel. R. G. (198X). Characteristics of stiffness loss in crossply
laminates with curved matrix cracks. J. Compos. Maier. 22, 71-80.

Arnold, S. M. and Kruch. S. (1991). Differential continuum damage mechanics models for creep and fatigue of
unidirectional metal matrix composites. NASA Technical Memorandum 105213, November.



576 P. I. Kattan and G. Z. Voyiadjis

Boyd. J. G.. Costanzo. F. and Allen, D. H. (1993). A micromechanics approach for constructing locally averaged
damage dependent constitutive equations in inelastic composites. Int. J. Damage Mech. 2, 209-228.

Chaboche. J. L. (1988a). Continuum damage mechanics. Part 1 : General concepts. J. Appl. Mech. 55, 59-64.

Chaboche. J. L. (1988b). Continuum damage mechanics. Part [1: Damage growth, crack initiation and crack
growth. J. Appl. Mech. 58, 65-72.

Christensen, R. M. {1990). Tensor transformations and failure criteria for the analysis of fiber composite materials.
Part I1: Necessary and sufficient conditions for laminate failure. J. Compos. Mater. 24, 796-800.

Dvorak. G. J. and Bahei-EI-Din, Y. A. (1979). Elastic-plastic behavior of fibrous composites. J. Mech. Phys.
Solids 27, 51-72.

Dvorak. G. J. and Bahei-El-Din, Y. A. (1982). Plasticity analvsis of fibrous composites. J. Appl. Mech. 49, 327—
335.

Dvorak. G. J. and Bahei-El-Din, Y. A. (1987). A bimodal plasticity theory of fibrous composite materials. Acza
Mech. 69, 219-244.

Dvorak, G. H. and Laws. N. (1987). Analysis of progressive matrix cracking in composite laminates—II. First
play failure. J. Compos. Mater. 21, 309--329.

Dvorak, G. H., Laws, N. and Hejazi. M. (1985). Analysis of progressive matrix cracking in composite laminates—
1. Thermoelastic properties of a ply with cracks. J. Compos. Mater. 19, 216-234.

Gavazzi, A. C. and Lagoudas. D. C. (1990). On the numerical evaluation of Eshelby’s tensor and its applications
to elastoplastic fibrous composites. Computational Mech. 7, 13-19.

Kachanov. L. M. (1958). On the creep fracture time. /zv Akad. Nauk USSR Otd. Tekh. 8, 26-31 (in Russian).

Kattan, P. I. and Voyiadjis, G. Z. (1990). A coupled theory of damage mechanics and finite strain elasto-plasticity,
Part I: Damage and elastic deformations. fns. J. Engng Sci. 28, 421-435.

Kattan, P. 1. and Voyiadjis, G. Z. (19934). A plasticity-damage theory for large deformation of solids, Part II:
Applications to finite simple shear. Int. J. Engng Sci. 31, 183--199.

Kattan, P. 1. and Voyiadjis, G. Z. (1993b). Micromechanical analysis of damage in uniaxially loaded unidirectional
fiber-reinforced composite laminae. /nt. J. Solids Structures 30, 19-36.

Kattan, P. E. and Voyiadjis, G. Z. (1993c¢). Overall damage and elasto-plastic deformation in fibrous metal matrix
composites. Int. J. Plasticity 9, 931--949.

Lagoudas, D. C., Gavazzi, A. C. and Nigam. H. (1991). Elastoplastic behavior of metal matrix composites based
on incremental plasticity and the Mori-Tanaka averaging scheme. Computational Mech. 8, 193-203.

Laws. N. and Dvorak, G. J. (1987). The effect of fiber breaks and aligned penny-shaped cracks on the stiffness
and energy release rates in unidirectional composites. Int. J. Solids Structures 23, 1269-1283.

Lee, H.. Peng, K. and Wang. J. (1985). An anisotropic damage criterion for deformation instability and its
application to forming limit analysis of metal plates. Engng Fracture Mech. 21, 1031-1054.

Lemaitre, J. (1984). How to use damage mechanics. Nuclear Engng Design 80, 233-245.

Lemaitre, J. (1985). A continuous damage mechanics model for ductile fracture. J. Engng Mater. Technol. 107,
83-89.

Lemaitre, J. (1986). Local approach of fracture. Engng Fracture Mech. 25, 523-537.

Mori, T. and Tanaka. K. (1973). Average stress in matrix and average elastic energy of materials with misfitting
inclusions. Acta Metallurg. 21, 571--574.

Murakami, S. (1988). Mechanical modelling ot material damage. J. Appl. Mech. 55, 280--286.

Sidoroff, F. (1981). Description of anisotropic damage application to elasticity. In [UTAM Colloquium on Physical
Nonlinearities in Structural Analysis, pp. 237-244. Springer, Berlin.

Stolz. C. (1986). General relationships between micro and macro scales for the non-linear behavior of het-
erogeneous media. Modelling Small Deformutions of Polyvervstals (Edited by J. Gittus and J. Zarka), pp. 89—
115. Elsevier.

Talreja, R. (1985). A continuum mechanics characterization of damage in composite materials. Proc. Roy. Soc.
Lond. A399, 195--216.

Talreja, R. (1986). Stiffness properties of composite laminates with matrix cracking and interior delamination.
Engng Fracture Mech. 25, 751-762.

Voyiadjis, G. Z. and Kattan. P. I. (1990). A coupled theory of damage mechanics and finite strain elasto-plasticity,
Part II : Damage and finite strain plasticity. /nz. J. Engng Sci. 28, 505-524.

Voyiadjis, G. Z. and Kattan, P. I. (1992). A plasticity-damage theory for large deformation of solids. Part I:
Theoretical formulation. /nt. J. Engng Sci. 30, 1089 1108,

Yoyiadjis, G. Z. and Kattan, P. L. (1993a). Damage of fiber-reinforced composite materials with micromechanical
characterization. Inr. J. Solids Structures 30, 2757-2778.

Voyiadjis, G. Z. and Kattan, P. I. (1993b). Anisotropic damage mechanics modeling in metal matrix composites.
Technical Report, Final Report Submitted to the Air Force Office of Scientific Research.

Voyiadjis, G. Z. and Venson, A. R. (1995). Experimental damage investigation of a SiC-Ti aluminide metal
matrix composite. Int. J. Damage Mech. (in press).



